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ftnoti-ons.-of-a- Nomal Statio-ary- -Process*

by

Tze-Chien Sun

Introduction,,

Let X.. t O.l±,*.be a real normal stationary

process with mean Et 0 for all t and covariances

rk = o(PXJ+k) ~ e~fXd

where fe-L2-(-tjit). Since Xtis a real process$ c(k) is

syme~tZical with respect to X=O$ i.e. f(A~) f,(%) for

It < X < it. Since rk is a Positive definite Sequence,

fr(X) ~.0 for s-% K x K.it

Let

o7- f(X..dX K C1  max(l,)

-2 (1)(.,0

Note that M() above is defined only on [C-init

However we may at timea find it necessary Ifor later use to

extend f(X) to the whole real line by periodicity with period

f (%+-2niE) ;;(x f ~ < i

This research was supported by the Office of Naval Research
imo Contract Nonr 562(29)y at Brown Universlty. Reproduction
in whole or in part is permitted for any p-pose of the
United States Government.
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It has been known that a stationary process generated

by any linear function of a normal stationary process is again

normal if it exists in the mean. But a stationary process

generated by a non-linear function of a normal stationary process

is not in general normal, e.g. has as its marginal distribu-

tion a chi-square distribution and hence is not normal. However,

it is a very interesting question to ask what conditions we

should -impose on the original process and the form of the non-

linear functions so that the new stationary processes generated

by those non-linear functions of a nornal stationary process obey

the Central Limit Theorem. The solution of this problem will

provide more knowledge on the non-linear problems and, in

particular, will help us to carry out estimations of parameters

involving non-linear functions of the process.

It was proved by Rosenblatt [1], estimating the

maximum elgenvalue of a Toeplitz matrix that if

. i N- Xk
ME - xj+kp, .. ,, are the covariance estimates of

rk , ad f f L2 , then

,M(rk-r k,
Are asymptotically Jointly no aly distributed with mea zero

and covariances

c Jck - c o os X t2(x)dx , ak!,,...,S.

Mie result obtained here is a generalization of that given above.
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We shall first Prove under the conditions

(i tI 2  (i) un 1 f(X)aX exists and
kp">Msin ~

is finite, for the case mn any positive odd integer, that

-N
~- X (a) " (a)

N~t=1 tt+k~a t+k t1km

czl2....On where nt is A positive integer and k( .) k() k )
k1  ,k ~" M

are Integers, are asymptotically,# Jointly normally distrib uted

with mean zero and certain finite covariances rjsp as =271,s2,.jfte

The main result will be that under conditions (I) and (Ui)

N

(X x (a) .X (a)

NT - t+ 4) X k )

a=!.,2, ... sn where n and m. are positives integers and

k(a) (a) are Integers, are asymptotically, Jointly normally

distributed with mean zero and certain finite covariances. How-

ever If %--p a=1,2,...,n are all even, then the condition i)

is not needed.

(i) and (ii), are s-ufficient conditions. Whether they

are necessary is5 still unkn-own. In aexmpe in§2o (2,i

was shown that given any p with 1 < p < 2 one can construct an

f9Pbut not inL6 such that one does not have asymptotic

normality of the covariac estimt. Bcuew sue E 2
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and so adapted Ni as the weighing factor and because (Ii) is the
N

necessary and Sufficient condition for EX being asymptotical -
tl

ly normal.* we see from the above mentioned example that (i) and

(ii) are rather reasonable sufficient conditions. Nevertheless,

whether every normal stationary process with tfL2 fails to have

asymptotic normality of the covarianoe estimate or of any other

nxon-linear functions of the process is still an interesting open

problem.

Let
6600

Y~t ftz Z a kp , k(Xt+XXt+ .. Xt~

m~~ ~tk ki=*o ii* *k ik tx l

A sufficient condition IS given for the new process Y(t) having

asymptotic normality.

We think it worthwhile to mention some other work on

rlon-linear functions of a random proces, e.g. £] ~,[]

£6,although they are not directly related to our work.



'562 (29)/8 5

We sa~y (a1, 2 .,n is an uno d-&st if

fa1, 2  .a and (biibji**jbn] are considered -the same when-

ever the b Is are just a permutation or the a~ ac And we Say

ijajis an ordered--set it (aisags ..'an) and

J.,Ps--s~ Iare considered different from each other unless

a r or all J-l,2s,...,ft. For eXAmple, if (A1,A23a31- represenits

a 3-dimenaional vector,. it is an ordered set ror fa1,a21a3

'bb, 3 ,implies a b1,a tb,a --b3 an, ,d -if- (,aa 3 3 are- the

result of picking Successively 3 numbers fromh 1,2 .. .,n and we

do not care which was picked out first and which WAS second and

which was third, in this case [a 1 ,a 2 ,a 3l is an unordered set

because [Is,2-3j - [5s2,j (1,3,2l = (3123 (,,~ (,,

We Shall call a partItion-into- pair Qfa et

A fls..,an3where n is even, and all a 3 are distinct, an

unordered collection or mutually disjoint, unordered Pairs

A - 2p-l 2p pMl,2s....n./2, and hJ2I*8s~ .. lm,2,.e.,n

Such that ;*A~ = A.

! _2m eI et k t~t2s -k be a set of k integers, Then

0= if~ kIs odd

{Tk -jl--2 J3 J 3k-' Jk
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where 2 denotes summation over all possible partitions into

Tk

pairs of the set Tk with the understanding that in counting

possible partitions into pairs of Tk we shall regard the t ts

as entries distinct from each other instead of taking them as

numerical numbers, so that there are exactly k,:! terms in t

[Proof]. Differentiating the multi-variate characteristic funOc

tion off Xtl Xt '  Xt, k1' k }

- k

We~~ jhj th t

We shall obtain the following

EXt Xt2 ... Xtk

k
|k Ldidj2.--- " - -. ...aYO P '' ' - 0* o..., 0

- {0 if k is odd

S[ ! over all - ttt ...r

2 ordered
collections of mutually
disjoint ordered pairs[(t 3 l,t 3 ),.. (t 3  ,t 3 ) such that

(t,t )i-.- u(tjl,t) T- k

x -tr -t -- t -t .. rt- -t

TJ il J2 33 J k! k if k is even.

Q.E.D.
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SuppoSe We let A - a 11a21. -.-a-m1 B [blib 2 j**n n

Y =X X 0.. O - EX X ..a -a aX a m a1 a a.

Yb X-b-b. Xb Xb. Xb-

where aj, j=1,2, ..4,M and b3 J.?jl.,2,..,.,n are anty integers. We

like to have an explicit tormula for

EYyb: EI(x alXa... X am)(XblXb Xb,)
ab l~ 1,x 2 .. m 12,(X% Xn)

in terms of summation over the set AUB. Note that in taking

the union of A and B, we consider them as sets conisisting of
distinct elements aj*2, .a. lb i4,bn instead of taking

them as numerical values.4

Coolr .. Let A=(a, a2 5.- -a ,B t -[b b21 .. bj

and n-rn Then

EYaYb

0 if m+n is odd (a)

r araa .... ra~ -

rb -b r b -b P4 ... rb -b P WP2 P3  P 2w+*2p-l ~2w21,

ra w lb p w2 r a 2 -b P2.... r aj~ b
322+1 a4- a3- V

if m-+n 'is even (b
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Where Z* denotes all partitions into pairs
AUB

12 2wi 32w p 2 ~2w*-2P"- Pgcwi-20

o-f A JB such that 0 2w < in and 0 <2w+20 < n. Note that in

counting the partitions we consider A.,B as sets consisting at~

distinct elements.

(Proof].

(a) is clear.

(b) E(Xa .. 1a)(- C e~~
n

E rra -
ALI aJ-aj..., aj2 -aj2w

rb Pl-2 .. r 2w+2 P-1 -bP2c1*2 8

r. -b a-b
32w+l P2w+2p+l "in

where 0 < 2w <inp 0 < 2W+2P <n by Theorem 1. However,

those terms In 2 with 2wc-m and 2w+2--Pn are canceled by
AUB

K(X -.. E ),(Xb ...Xb ). Hence (b) is established.
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2. A Oentra1 imit Theorem f'or 0QdProducts.

In Theorem 2, we shall assume in addition to

PEL2 (-lr,it),. that

it sin 2 X

N± 00 2'jtN J sin 1 X rx 2

exists And is finite. For convenience of writing. let us define

sit~
No) =__rrn 2 £Xd

s4iLn2 1

so from here on whenever condition (2) is assumed, we define

f(O) as in the above fomula. Since the integral

sin2

is finite for each N and its limit as N -4 oo exists and is

finite, there exist a C3 , i < C3 < 0o such that

2-" ~ (%) d×Ax < CS  (3)

for all N.

We also need the following results:

( R- sin2 N(X+-.X2+a)
(2i)1 _f sin N((X)dXd 2  C l 1

1'r jsi- 2  2 a,(2

7Ei It l s 0~ fd , X2 a 2 X
(2~ I _ sin -(1+4+a) f.XJ ""'2  2 02

7E nt sin 2~(X1+U +a)
(ii) (2) 2 JJ - 2 )fo,2+a) dX2 C2 (4i)
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for any real a and for all Mi We need to introduce some useful

notation here.

Let ni and n be positive integers such that mren is even.

Let a axnd ' and A = j . .aral B fl b, .b

Then,# we write

exp [b ay::.b- )

i(a a )\J+i(a -a )%..+ia -a X

=Z e
AUB

I~ -~+I(b -b )X + .ib
e±( Pb )j P3  p4  ~' * P2w 1 +2p P 2 u+-2 ,p is

(aa _-b 2p,J2t+l P~ 2  + (a3  +_ _we

t(a3  )%a
Sm Pn * 0aplX~~2 .. X,)

where (i) Z was defined in Corollary 1.1.
A V 13

(11) b(x,O) is a b-twaction at x=O such that

b(XO)dx 10

Notation 2. Ljet

sinN

sink2
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I -or. ._ Suppose CEL2 (-tTt) and

Urn4~()f (X) X

exists an d is finite. Let m be a positive odd integer. Then

N

r,714 a t E~ x (a) x -(a)

* nwhere ft is a positive integer and kl~a) (a -(a

are integers, are asymptotically, jointly normally distributed

with mean zero and covariances

a~3 ( )mj 2 -. ,',., 1'xl(2 m
klX - (a ).,t (a

X1  AP -AIm

dX1d.X2 ..d m

am, = l,2,...,n.

The proof of Theorem 2 will be given in several steps

formulated in terms of several lemmas. In the first two lemmas,

we shall show

EYN.YN S -J- r as N _---- o

n2 .
n

Let z YN1a be any linear combination of Y

It will be shown in the remaining lemas that

E Y - the 2 h moments of a Gaussian distribution

n n
with variance ( Z)

4=.1 l~J~~p



The "moment convergence theorem" t7] then! assures that Y4 is

asymptotically normlly distributed. This is just the assertion

of' Theorem 2.

Lemia . Suppose FE L( 't) and a is aIny real number. Then

,)2 ±( 1+X2 a1( 1 4(X-) d X2~

-- > 0

nif orm-ly P or all a as N > co

tPiroofJ. First we make the followin- transfOM~itionta Let

+ +X +a =u 1

12 2

___--__---- ul=21t+a

a

U1=Q u 1=a
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Then, we have

Ut

1 KN- !(u 1 ) If(u 1-u2 a)( -u-a) I duldu2
(2t)2N LI

t+-u2 +a

( ,t)2N a 1 2i-

it -aa ilt+u1-

+ .~L f J N- K( 1) J f(u1-u2-a)-f(U 2 a) 2du

We can rearrange the order of integration because the above

integral is absolutely Integrable for each N. Since

and f is periodic on the real line with period 27r, for each e > 0,

we can find a 6 (s) > 0, such that

It f(x+%)f(X}12-d <

whenever I xl < (e). Also let

4C 2
N(s) _ Integral part of [s-n * + 1].

Oin~ 6f

Suppose 2rm < a < 2(n+l)7 for some n-=0,+,+2, ... , and let

a

S fu_: I ul-21 n < 4(g)/2 -for X (n-i),. n, (n+) or (n+,-2))
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2 -= -2u +a < u < a

Then (7) beoome

M -S ;5 1it+ -1 2

'3+u

2 e (p

Lemma 2.2 Let mi be a positive odd integer. Then

N1E Ni1 x )

1 (a)u

F,.c ) ( ) . -( )

= .~-~jijf..j xp ~i4P):4i~)...iji[ .d_1× 2 ..X

as N -H>oo for ap-i,2,..,,n and moreover irsI < pr
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[prooffl. Let A,, la 3 .c~ Ap (4),

1 N 2

(i= t q)t+k2(P i

E (X aX

t j t 2 1 AaJAP (t+k~a) ti -k())'2w-i k

r(t2 +k(Qc) -t2-r (t 2w- ~W)

11 2m 22 1 j 1 2

where Z* was defined in Corollary (1a~).
*AaUA~ N N

7E k ~(a))x + .. +±(k(qc) -k(a))X,

e 1 J01i

~Pl 2 (ii - 2w-1 P2w 2 -w

e -2c*1 ij2w+im -

()2 +--1+ "2 t*2+ .. + ") ti (, i-+X2 w2+**+"m) t2

f (l) -N f(),m) d~lid - 'm
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e ! P 2w-l p2w

±(k(a) - (  )x '  " +~ ) "k )

J J2w+l P ...2 - am P m

... x Mrx P(2 **(xr)dX dX2***'dx (8

We can change the order of integration because those integrals in

(8) are absolutely integrable for each N. Note also that the

above integrals Are all real. Their irnagirnan parts are zero

for all N because r(X) is syrnetric about X=O. It order to show

that, for 2w < rn-i,+ kk)r

d Ma )) .
it Ju 32i ces to prove

1) ,22, r ml (N2) 1(... (mld~r .A a (81 % w2--ml

i ffoc ecse to k prsovei aotk=.iodrtoso
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(I Iom

I t(x1 )t ( ')' " (> r) (Xi )f(? '" (Xrn-i) f(X '2 ' ." w+2)

dXldX2 ... dX

as N 4-6o for Ow < m-. However, it is equal to

it X

(2nt) 2N sx,~

d ldII '6 6 -i (n1)

And by Schwarz inequality,

1 !

(a: N JJ ( 2 i+ " ,*+Xm f( )--h ...-- 1 -

- 0 uniformnly for all X2 W1!, ')- as N - 00

because the first integral is bounded by C and the secoend

integral goees to zero un!fory as N > c by lenmma (2 .1).

Therefore, the integral in (1!) and (10) goes to zero as N - cc

and hence (9) holds.
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In the ease 2m-,it is easy to Show that

IE pj ;2  Jm-2 Jm-1 -a

~m r' m ~2

(9) and (2) toete mlyX thatx

dXdX . fdm (13)X2 ,t(-il:VOdjd2.i

whes we writ cM) i lce ofr- 2~-~.. 2 ..- ) we

2w~mJ.aIndour9)ttogeth(13 iplustha
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r

a) 1

. exp k X- t X2- r t) dX'I

Moreover ra, is finite because fCL2(.,t ).

Hence, lemma (2.2) is proved.

The following 2 lemma will be needed in lemma 2.5.
Le Suppose fL2 (t,) and a is any real number. Then

KN - )K.f( X-)d- -> 0

uniformly for all a as N -+ 00

[Proof]. For each e > 0, choose a b(s) > 0 such that

2Sf2(X)dX <-

whenever S is a measurable set and the Lebesgue measure of S

is less than b(s). Suppose

2nt a < 2(n+1)7 , for some integer n

Let s - fX: 1(%+a) -2Wk <. , for kwn or (n-!)3

I~~~ <~X n)X~
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Then

+ NJ>KN(Xfa t((

T4USle, dX ( d%) -- +~v
L N Spoef L , ,te

-~-2

I ISE3

222

K (+ X +a l)K(+ +a,)

- 0

unit orm!y for all a, a2, .. .,an And n where n is any positive

integer, and for all possible combinations of plus and minus

signs appearing in the kernels, as N -4 0.

[Proof]. For eaoch 0 < <l, by lemma (2.3) there is an N(E) > 0

such that S KN(X+a)f(X)dX < F uifQrmly for 
all a whenever
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N> N(8). Then

<8 <

whenever N > N(s)o by successive use of lema (23) n.

Let

XTN . Xt) t t+(d) "n
I L I m

Then EN,a,, xa 2 .. N'ad Oj0 when 2is odd, where

al~2,...a~ l,2,...,nj by Theorem 1. However in order to

compute the moment

~~NaNa *~Na when I is even

where al.E23..., b ,...,n. We shall make use of the f Ellow-

ing subindex table.

(a,) (al) (a,)
tk., , ti +k- -jej tkm

(a2) (ad) (a2)
t2 +k : t2 +k .. t2+k ( -)

which is closely related to the limit of the above Moment.
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We need to introduce some new notations with respeot to this set

G, for I even. Nevertheless, we should remark first that we

shall not regard G as a set of integers depending upon the values

of ti3t,1.. ,t p but shall consider 0 as a set consisting of Im

distinct elements characterized by the subindices after t and k

so that each of them occupies a definite position in the table

(14). For example, t +k3  is the third element in the second

row of (14),

For convenience in writing, we shall put

(Cc~

S(a l

l+"i S
ti k =) s

t2+1a !) Sm=

((a
t2+k2 " m+2

t 2+k 2) 82, --M -Sm+m Pm

t k _ s( i-)m+i

-m _- 2m.!

(a (2,
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What we did above is only to change a set with two indices into

a set with one index. The relation (15) gives a one-one corre-

pondende between s's and the positions in Table (14).

Then EN N, a2  N

tt +1l t2+k tA+km 1-j

N N
. z ..z(x (a)x (a i. x (q)

(x xi, :xi;,
itk tk 2  tf k-

N N r

N N.Z ( rs  rs2s rs .

There!aeters in . Each =1 them is a multiple
!.,e ~~r r~ -.5i .. . ..... .....

sum over t 1 ,.. -,t2 and weighted by N/2 and each sum is

characterized completely by the subindices after the r's. We

shall call

S- S- {a) ,.. . im
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the ass-Qcited- subndfet.-paisr t of the multiple sum
N N

N.12ti~i t l  , J 2, J2 S J 4 jym i jit

Here we recall that the aJ can be identified with the elements

in Tables (14) in one~one manner by (15).

We define

(t) (i)G 1 ft 1 +k-, tik 2 e,,,ti

, (a2) (ct) L)

G2  f-t2 +k- ,+ 1 2  ,...,t2 km

ft [at+l%2 " "2m

() (a,) (ag)

= {( ) ,(.) o. .,: oe _

Hence G -GV G ... UGg and G no = O, j/k. (Since we

(a (as J)
consider t +k and t +k to be distinct if Jl/j2 ora1  I 1 -P 2 -- -
p/p 2 ). We shall also define two classes of subsets of G

(i) H= - [: p < q, pjlj,...,ji'(Hpq 
(17)

where Hq ; Op 'j Gq
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where L aj J1 2 iuqn

for some n <, il i2 < Jrj J'j2 ***jn

We say a.n associated subirndex-pair set

=f~shij) 2  (5j33j 4 .p (J(jm-1lJgm)J

where JlJ, .,Yli,,.,m and O/o0if a~ j is

deiopoal wth respect-to -Iifthre are mutually disjoint

Subsets S1 S 3 .* 2 2 of S such that

S U S and for each Np12 .. 22w aeU *

p=1 p p q

()et A=(a,b,c, .... dj, by UA we mean LJA a a.b Uc U .. Ud.

Note the difference of US pandUJS
pp

(i) usp S! uS 2 u ... LS92
p

(il) jS the union of all elements of $S

e g. if Sp ( ,s-)

then LS ~ls)~~s)..( 2 '2~
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for some q,r=,2, ... , . Otherwise we say S Is not decompoabjie

withfeepagttoH. AS an example, it

8 ( S(Is) l o(P,. +) )" "° (p (am 8.2m)m'sQ

then S f [(SI ) (82JSm+ 2 ) j (am' S2_ral

and US1 = H12, US2 - H3 ,...,JS 2 / 2 =

hence S is decomposable with respect to H. As another example

if
s -# I (s8p mOS l) -(82sm2)o.. ,(sm, S~m)

( s2Ml , 8sM+), .s2.. 3.+) p..., ( 8 3am)

i.e. we interchange the positions of -h and skln the above

example. This S is not decomposable with respect to H.

Similarly, we say that S is decomposable with respect to L if

there are mutually disJoint subset S 1 and S2 orf S such that

S 8 1 S2 and VJSEp L for p-l,2 Otherwise we say S is not

decomposable with respect to L.
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Here we see clearly that when 1 > 2, HCL and hence

S not decomposable with respect to L implies S is not decompos-

able with respect to H, but not vice versa.

4ea- 2.-5 Let I be a positive even integer and m be a positive

odd integer; 1 > 2 and m > 1. Then, in (16),

N N N
ti=l t 2 =l t - irsis2rs 3 k J 3 2Jm4 1  m

N -t----!

as N-400 1 if its associated subindex~pair set S is not decom

posable with respect to H.

(Proof]. it is sufficient to show that (19) holds it its

aSsociated subindex-pair set S is not decomposable with respect

to L. Since if S Is not decomposable with respect to H but is

decomposable with respect to L and say, there are e1 ,-2 CS such

that

us1 = = aUG ... osi2- ... U G- 3 'i 2 3 pm- 3  1 2 ""p
-- -pm-i pm

W5p = s 1pom0+. J2yiAm G PiUG 00 2u. 08

then our problem is reduced to proving that

1 N N N
t =1 -= ... s - s 8 -8. 8 Js. -8 1

1 2~ p J1_

(20)

if p > 3 or
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N N N

2 Z Z *Z 5 r
tp+1=l tp2-l tjl Jpm+lSJpm2 pm+3 Sjpm+4

of (!-p) > 3, because in this case the sunmmation in (19) can be

factored into two parts (20) and (21) and either p or 1-p must

be >3, and both of them > 2 otherwise S would be decomposable

with respect to H by the fact that p and A-p must be even positive

integers since pm is divisible by 2 and m is odd. Hence

2 , P '-p - < A

If p > 2, then on the part of (20), we meet the same situation

as before the factorization, only now p < A. We shall factorize

(20) again it its subindeX-pair set is decomposable with respect

to its corresponding L. We shall do the same thing to sum (21)

if A-p > 2. Keeping on doing this factorization for all factors,

we shall finally, through a finite number of steps, reach the

following situation: Every factor has its associated subindex-

pair set not decomposable with respect to its corresponding -

and either (i) it is a double sum or (ii) it is a multiple sum

over more than 2 indices, so it is not decomposable with respect

to its corresponding H. Each factor belonging to (i), as we can

show from lema 2.2, is und-fomly bounded for all N. A-ong all

the factors, at least one of them belongs to (ii) otherwise $

would be decomposable with respect to H. And if we can show all

the factors belonging to (!I) tend to zero as N --> Qo, then our
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lemma is proved. Therefore, it suffices to show that (19) holds

as N -4 60 , if its S is not decomposable with respect to L.

Now let us consider

N N N
7 2. .... . r.. Z . " " r s

t -1 5 J2 5J3 5
4 J!mi JP m

whose associated subindex-pair set S is not decomposable with

respect to L. Since this multiple sm is characterized by the

positions of its subindices in the subindex Table (14), we

should investigate them more in detail. Let us look at the

subindex table
(a1) (a1) (a1 )Q1 t1+k2* "' tl+*

G2 "t. t2*. t2+km (22)

(aA) (as) (aA)
GA : tg+k tj+k2  ... t+m

We say a subindex-pair connects Gj! and G2, J!,J2 l,2,pg

if one of its elements belongs to 0 J and the other belongs to

(a 1) (42)
G ~ ~~~ +k2 t mk- connectsp G1 and 02. We call an

array of h subIndex-pars of S, h < A, a chain if there are

GjzG GJ2,..., .O ja/Jb if a/b, such that the first element of

the aay connects G and G4 , the second connects G and G

-- - th tJ2 -2  3
... a and the hth connects Gh and G0h+-_ ard we say this chain

connects Oil, G .. -+I We shall call h the length of the
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chain. As an example,( a1 1 (a-), .2 (Ct) tlk(CL) (t +( 3). t 4+k )C
ot k- It+2 , 4, 2k ,+k ) t 5 -, 5  )

2~% -- - )*- -

is a chain of length 4 which connects G01,G2- 3,-0 and 05. Si ce

for finite A and m, the number of elements in (22) is finite, we

can pick from S a longest -hain which cnects the greatest number

of GiIs (there may be more than one 
such chain, we pick any one

of them). Without loss of generalitY, we can 
assume that it

connects 1, G2 * ....Ob ,b < t, an write it as

(t~ tjl (+k (u2) (ds)
(tl.'kill g2 )(t;2+k 3' j~kJ ' S .'

.. (h 1 I+k l(a bI ) k ab)

-. t --2

for some Jl,j2,...,j 2bl1 2 ,".m, while the 
length of the

chain is b-l, bI < A. Since S is not 
decomposable with respect

tQ L if bI < 2, we are to find a second chain which is a longest

chain connecting one of IlG2,.. ".%1 to the greatest number 
of

other Ga's and with no loss of 
generality, we can assume it

conet %1+l "+2 % with P1 < blb 2 
< A and write

it as

(,) (a b +() (4b +1 ab +2)

(t 4- 1 2 .4 +k1 ,t + k-

1 --Jb- 3lli2b bjll J2 b +1 tb --2b +2

4- .,k Cb 2 -1) Ck ab2 -
Ptb 4--i~

21 2 -3 22b-
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for some j~ . while the length of this

chain is b 2 Ib 1  If b 2 < I, we oan always find a third chain

which is a longest one connecting one or-fl- 011 2 3 .0Ib to the

greatest number of other G ' s. Keeping on doing this, because S

is not decomposable with respect to L and £ is finite.. we shalll

find a ((,*I)th chain such that it is one of the chains connecting

one~~~ ~~ GIl.,'*% o +'+2** 0  we write ±t as

(t +k ta~l -+j .bt k-+ w2 +P'W J2bl b.+lJ2bW bw+l J2b.+l w++k 2b+ 2

op t + -) t n ek

where p W < b and J2b, lP32b'***'.. O212 are some numbers from

l,2..,mand the length of this chain is 1£-bw. Apparently the

number of chains, picked in this way, Is w1 where w+l < .9 and

the total number of subindex-pairs in these chains Is 1-1. Note

that the lengths of the chains are non-increasing and some of

them may contain only one pair. However, the length of the first

chain is always > 2.
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Table-ofiChains

ti~st cha(a!) (a2 ) (4 ( 3

fso hin: (t +k otk (k 1,+

b4) (%)
+2+ka~b+ )I.,(b _ 3 2 2b 2

Pia(*b(t 1) ('d+b

(ab +2) (*b, -1) (a2)

tb +2+kJ 1 .. (t -~+k 2  *th+k R

1 2- _~2a0 ~Um._
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An- ill~itrain -iagram -0i' chal-na (for01, (4e3W+!"-)

.G -

- i firs %3"

Gb~G--

Gbj l--GP2second,% 
i+

Gb+ chain,---- - ---

2b

G 0hir --- - -- --------------- _

Gb rf

ch 3 - -t------------ - -f----

Gt-- 
ohi-
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And we shall write the other 2
2 -Pairs as

~ 3 2a-l q2 I 2~ q22i 1  +l q2A+ 3 2+2

-i- M t ik )

,,~ 3Am- m~ Jim

whetre 1,,., f or n = 
2 -, 2 .Im

j 1 ~ j 4.# for ft= 21"l,21*..)AM.

Then
N N N

?7-t 2 .Er 3 r 1 t 2=1 te=1 3ji~ 333 hS34Sm!Ji

aN N

t tb 2r ~ 2,-

ttik k ji -t 2-1+lJ 2 21+k 3 .3*k

b2~ -1 tb~ b b +1 J~1+

(a p r(+) ab (ab+2

- 2b2-3 t b2



t + k wt -k -I +k q2 2 1  -+k

P. h l ' b22-i J2 bo bw2A :2 bw1 1  
i q 2 4 2 +2

1 )
+ k~ t k 2-J -

(a 2 )di (a(a2) 2 dX

itt2k3 .,t3 -kt23
k )N

-ItX2 
((a 3).~ a

e ~ ~ ~ - -ky 133 Nf(

lt(Xb ljx 4 1

(a P) (qb +1
i (t +k _ "23k b 1  %

e fl kb-i tbabk

e ±( 4,'k -t - XIc+
b1~~b b1+2 J2b +21

j 1 JrbXb+1)d-kb+1.. -1
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(b .1) (OCab-
FE i (tb +kc 2 - tb g~ k 2 >X

hb 2 2 db

1i(t - +kkA M-t2 k 22

(f (%, (a X.

71 q2 - 2,9- -t r ) dX

(a ) a)
1E~ ~ + i (tqgml -t -k qM

Je qg~ S&- qm J3 m f(Xm2d XK

Welie o errang th rero negration and regroup the

exponentials according to the t Is. In this arrangement we can

only write out some of the X Is explicitly which are essential

to the Proof and we shall denote by some u ik to the rest of the

X i s whose exact positions in the following expression are

irrelevant to our argument. We have, then,
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N N

itt
bt2 (X1-b+2 j+u2 u 2  -'UjM

b 2(X 2  'u21 +~iub .4+!,1u 12- -+

i~~~k( k (ad )%+ik a2

(aem -)k (aqgm

whore uu,,.*uim

u2*-22.... 2

2 M~~~ei. 1
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-By changing the order or surmation anid integration, we have

Btin (X+u ~+U-,2+ *+ult-l

sill N.(A-X+)i-2+u2 lu + +

Si.fN

gin (bb++. +%++.+b+.2

b b1 -

Sin .( Xb +X-b +i'u% +I.,!-+% +:L2++%.+3m..

gin '(-XIA... +u +.. +u+

(a 1 (a 2) (ac1Aml)' (aq..)

i_ _ +I _1 + .. i1

Remark.,,± In ( 1 u,+.+ 1 ma, X+2a2r-

(..X2~+u ~ **~~ ~ there are exactly one Xand oe for

each 3 hence,(X+_+. +.m)S (- 1+, 1 .. uem.)
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(ii) No two of IN%+u- +...+U-

k 0+j,,,.l~jare identically equal, because

If ar~twiodthem were identically equal, it would imply S

is decomposable with respect to L which would contradict

our assumption.

(iii) Because m is odd#

+um0

.e-i +Ugs++ml ,M 0

Our goal is to Show that the integral in (23) ->0

as N -> .0 The absolute value of the integral - in (23) is

less than
7E

%-T K(>'L+'2u,l+- +U 2,m-)

N 11 1'u 11 -1 +1

1C~t +2 + + -)

* Xi .r4 2 d4. ___/,2 (~
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Since the integral in (24) is finite for each N, by Pubini's

theorem we can rearrange the order of integration. Since

(24) is Jess than

N (\+yu,+.. +U2,m )

f( gQf( m) "f( /2) d "" "dXm/2

'it

+('Xf-2+XiJ +u +- ", ' -,m-)

(25)

If the last chain is of length 1, KN(-__2 +X$l ul_1,*..

* ..+ 1 ,,-2) in (25) should be replaced by K-X A 2+U'i+ ,1

in the second part of (25)



5,62 (9)/8 
4

it

1E N ( -X 2 + X 3 + U 3 1 +.

f 6 f r(X,&2)dX-ldX 2. .dXgA2

(26)

u~niformnly for al&1 Ap1g **Xmf/ 2 as N v-4 cc by

lemma(21)

(i)the remaining part
it

<~) Va[CC 2

ma3 1  2 1

hence the second pato )apoaches zero as N ---4 W

We cn sow he first part of (25) also apprchstzeoa

N -ocby a si mila r argument.

Therefore (25) --- '0 as N --- Q It follows ta

(2i1, an hece (23),. approache8 zero as N Q 0. Thus

lem~a (2.5) is Complete.

Lem a.6 Let mn be a positive odd integer and OL1 ,42 1J..

ejaA =02s .n.Let A =) 1 04"I 2,..,e !' Then
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ECYNo a1 N~," 'Nl

0 for all N when A is odd (a)

r c... when £ is even (b)

as N 4 0o, where Z was defined in Theorem 1i
A

(Proof ]
The proof of part (a) is very simple.

t1+1C2
- t1+

(x (a) (a).,X (a2)

(x (a)X (a)..x (cz£))

1 N N N F
- Z Z ...Z E(X () a X ... )

(X (x

-0 I for all N,

by Theorem 1, because A and m are odd implies Am is odd.
The proof of part (b) ±or the ease m=l s clear. The prt (b)

of the lea for m > 1 aso follows easily from =em9 (2.2) an

le Pa (2,5), Loea (2.5) tells us in (16) only those terms
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whose Subindex-pair set are decomposable with respect to H have

non-zero limits and lemma (2.2) gives us the limits of these

tems which is just our desired resuti

Hence lemma (2.6) is complete,

(a) ¢2 n n

2 a9! a- 12
n

-li g( 2-

2 .9! N4 a I

(b) 2+
ac~i

as N co, where A=0,l,2,.,, and !L ,~ l,2,...,n are an real

numbers.

[ProofJ. (a) Let A ,d2,...,a }n

a,(=, , "N,, a 'n 21 n

- Z .. , Z .. ,,E(Y .. Na,)
a =1 a -- 2. a 2 '21

1 21 a2,91
n n n

->Z E . Z -I a. ,q Z rd r a .. ra
2.9=l a- .2 -1

(27)
by lema 2.6. Note that (qjj j ) are anl pezutations

or (4 1 ,a 2 c.. cz21)! (27) is equal to



562(29)/8 44'.

n rjli r

n n n
=1 a r--1 - a, J

n n

(P e aa 3 - a
''' ( j '!,j:, l ']2- 1, J2,-

But each factor in the sumad
n n

Pt I' r L az

c =i =" 3  2p1 ~u2prjpi c p

J2p-1 3J2p 1

n n

an ter ~2£~ terms in_ 2 . Hence (27) equals tQ

Bu a hr factre i h s-m

A

n n

a. 2 41,1 r2
2 = 1a

which is our desired result.

(b) The assertion of (b) follows directly from lemn 2,6.

Hence lemma 2.7 is proved.
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[Proof of Theorem 2)

Let
N Xa

N NT i t-=1 Xt+k a)t+4  mv

and let
n

be any linear combination of YN, a,-1,2,...,n, where

pa' a i,2,...,n are any real numbers.

We have shown in lemma 2.7 that all the moments of

YN converges to the moments of a normal variable with mean zero

and variance
n n
Z Z I.aP.a2 a, 2 (8

a~la~l 1 raa(28)
a 1 2 j

By moments convergence theorem [71o the distribution function

Of YN converges weakly to that of a normal variable with mean

zero and variance (28). Hence YN,a' a=-l,2,...,n is asymptotical

. Jointly normally distributed with mean zero and the desired

covariances.

Q.E.D.

Remark; From the proof, we see that the places where we need

m to be odd and YNa' a-!,2,...,n to be of the same degree m are

(i) X 0
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and (ui) Ix +u'l 1

in le~m 2.5.

(i) can be Justified easily when ma is hot odd by sub

tracting the means and we shall see that after subttracting the

means (iij) i-s also Justified,, therefore Theorem 2 can easily
be generalizdt-h aetat~~ ~,, 1 , are of degrees

I~, respectively where tic,,al2,. are any positive integers.
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3 The Main-Theorem.

Theqorem 3 Suppose f 4!-L 2 (2tot) &rid

it

ur JKS~ tXd (29)

exists and is fitiitei Then

cz~l,2, ..)no Where n is a positive Integer and ma, are positive

integers an kla4-- )Are integers, are Asymptotically

jointly normally distributed with fnean zero and covariances

* a~fa*~~ (a (a) tm+~i d

1 22-

it m%+n is even

and I r I< .9 ap,2,2, f..*nr. In particular, if alla_
n(, =l,2,...,n, are even, the qondiidon that

exists and is finite Is not needed.
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The first thing we have to do in the proof of Theorem

3 is to Justify the remark (ii) after Theorem 2i We first look

at the subindex table, now it becomes

0(1 () (a)(-2 ""z2 2 ) (30)

49 t +k- -tg+k 2  . 2.. ma
2

G& t e I- tj+k 2 y. A km a

Let 0 = G1LJG 2 U ... UG2 , so a contains lvt=ma+M+...+mal

elements.

Let B = QGj, j=,,...,.

We define a class of subsets of G, J to be such that

J- j Q J[Bo2 , :) JB3  ,

Also, we write

(b) - (3)t!-+%! -

so we can identify each sjwith exactly one element in table (30)
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We say

is a subIndeX-airseAot if is 8 is a certain

Permutation of t 80 m

We say a subindex~pair set S is -deomo ab-1e --ith

ttq-t t if~ there are disjoint subsets otSschta

S S-US J or some J-l,2, .. i. Otherwise S

-is not- deomoaewh sp~ to --J.

We need a lemma to Justify the remark (i)after

Theorem 2.

0- .1 in the expansion of

Ef(X (aEX (a)*.X

2X t +k2  t2+ir t 2

(X (ad)x (a2).q*X (a2 EX (CL) *X (a2))
tk- t+k2t +km- t 2+k1  t2m

2 1 2 a

the sum of all the terms whose suabindex-pair sets are decomposabl~e

with respect to J is zero. i.e. after cancellation of the terms

in the expansion,. there is no term containing a factor like
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(X )CX (cc ) 06x (kaJ)

j

for some julj2.,

(Proof ] Write
tW X jx  ( x)"

J=1,2j, .

Consider

Let A sum of all the terms in the expansion of (32) whose

subindex-pair Bet is decomposable with respect to J.

Let A = sum of all the terms in the expansion of (32) which

contains M! as a factor.
A2 = sum of all the terms in the expansion of (32) which

contain EW2. but not EW1, as a factor.

A, = sum of all the terus in the expansion of (32) which

contain EWP but not XW or W2 ... or EWI,, as

a factor.

Then A =A+A2+ ...+A2

However

A1 - E(Wf-W1 )E{(w2-E 2) (w-w 3) . w )

=0
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A2 = E.(w 2-EW2 )Ef (w1-EW1) (w3-EW3) .. . (wrEW)

A -E(W2 EW W)g)(wECwWj) ) ( W -EW3) .(w 2 )-- 3

3 .E,(w 3. 3)(w2Ew )(w 2 ) (w Ew, ).. (.-E(w3- 3) W 1 w -EW1)Ef (W EW 2 )(WjSW)jw)..

'2 2 ..3

0

Hence A 0, Lenma 3.1 is proved.

L3 3.1 Justifies Remark (i) after Theorem 2, hence

the proof of Theorem 3 goes eXactly like that of Theorem 2. We

shall state without proof several iemms, and the conclusion of

Theorem 3 follows immediately.

as N- oo, a,P-=l,2,...,n a nd moreover Ira,pI <

Note when all ma _are even, the condition (29) is not needed

because no such term will appear in the proof of le 3.1.

L ma33 Let A -a 11i, ,. .. ,a 3, then
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-~~~ 0 if .8 is odd (a)

E r. r a(b)

A J2 -i0 OA is even

as N4 -00, where Z was def'ined in Th eorem 1. Note in part (a)
A

of' lemmiia 3.31 we have m-+* 0 ins~tead of a 0 in lemm 2.6 (a).

Lemi l )29 2)

22+1a

as N -- ) oo where pea a#!l,2, .. .,n are arbitrary real numbers and
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4I. A,-ur-ther G-eneralization.-

Let

W(tj*kIi***lM) =Xtktk .. Xtk

&kl *. -.

N

Y~j M, Yv~o(t)

where a i-~~are real numbers, and
kk I 2 P .. I)

CI(k,L,1c2 .*k #k I

=EtW(t,Icj, 4* OIkm)Z(tjk 3 , ... ACIx)

r (k I 
3

N --rn 00N(kl-Pk2 4P .. k)N -2 (34)

Lemma 3.2 assures the existence or the limit r.

T-heorem 4.1. Suppose

O0 g0o0 00

MWI~~ <00r- PQ9X
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Then

(t) jnteMean__ YP) ~

asMa -s. 6o~ wherie

Ei Y(t) 12  lrn P" YMm(I '
m, a-> oo a )1

6000 00

m=1- k 00o rn'-1 k'-o _.O~~ir )ki~ 2 *~m

(Poo] Let M-1 0M2 Palp a2 -be any positive integers and let

a =min(a 1 0a2)

Then

al Y (t) y ' W

=(M~Ia, M-2 a2

a l M-2 4t2

z )

a - k c <klp k k]

3. ml a
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(kI-M k-- j-( '1 , , - I
i,&j -- 11 -- a i' i-fi p

1,. , .k,ok*-a... k i.S, .j k (38)

BY (35), for each > 0 we can choose an M(t) > 0 and an

(e) > 0 such that

and
o0 00 00

z z z zlak
*f i kA l60

kk• .mi .o yk ap.)1 < ()

whenever 4 > 1(s) and a > a (e).

From (38) and (39)a it follows

whenever MM > M(s) 4and. ,a2 > a(e). Hence Y (t) converges

in the mean as , a -00 4and
tin he mean

w( , -. ) " ( t,

The assertion (37) follows 04611Y rrQ (35),.ED
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We have shown that given (35) the Y(t) in (36), ex-ists

in the mean. Now we should like to find a condition on the

coefficients k. such that

i y(t)

is asymptotically nozally distributed.

Let

rN(,klk 2 , ... ,12w, km.I
it EX~kjk $*Dkm)W(klk I"1.

-w~~1 2 , 20 6.Ok

and

o sup r V ... 0kmkl,...,kmi) (4o)
i<N<0o

Then one of the sufficient conditions for YN asyrptotically

nona.liy distributed is
0o 00 00 00
Z Z Z lIa,.l""-h~ , ,

Condition (111) assures the uniform convex'ence of
CO 00

m=l kP-=-oo m _=1 -18 "_

(k,.ilc k l k2- -0 I *km pk .kr lI (42)

for all N, which is suff icient to give as ymptotic normaity of
CThe proof win be carried out i Theorem c r.2.
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(41) is not a ver~y unpleasan~t condition, since we

can easily give an upper bound for each ik,-6iik-t

independent of X. By Corollary 1 .1

EW~km. *m)Nli ikm)

N N

N -1 t EE1 X _1(V~.iVk)

EXt + Xt +kii E(t 1 .. t2-+k-m )j

0 if~ m+m' is odd

r= k r k rk k ... 4 r 3 W"L 1 t at=j AmUJAn, J1u ,: .3.r j~

rkt r k .6 o rk k

if rn+m' is even

where Am = fkv..Opkm) Am (k 2 *ekt and 'r- =-2

By a simple estimation,

WNE 0 if m+m! is odd

an ZI W N (klj k m W N I*.k I)

m+m'

(m~~m')! r W i mtn is even~ (43)

for all N, where
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Sax( max rti,)
-0 < t <00

Cmax( Ert Vs-upN (44)

Hence, we can replace jt(k,..) in (41) by

q ( 1 , *.,kmk,..., ,) 0 it lrim iis odd

...... ... . v 2 i M+m' is even

22 (45)

and get a more explicit sufficient condition for asymptotic
N

normality of Z - Y(t)

0 00 60 00z z z - z ' Nakk,
m1p k ,...,ki - oo mI ,l ki,..., ,1k 60 k 1," k1, '

ic l <ki ki I<k'

<oo (46)

Theorem. 4,.2 Suppose fCL2 (- L, i) and

CIOt

exists and Is finite. Then

1 N4i, Z Y(t)
7 t-

where Y(t) was detined in (36)s is asymptotically normally dis-

tributed with mean zero and variance

00 00 C Pqm-ak- ,,.p k a'- k,.. ,p ."' ,'" ,
m; 1 .. , -"Oo m'= k o 8kk=0

kik 14- ' .

r~-- k-p -j
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where r(-ki,.,mk 1 .. k ideined in (34), if (41) holds

or in particular if (46) holds.

The condition lim (%),dX exists and is

finite is not needed if ak ,l .. , 0 whenever m is odd,

[Prooff As we have remarked before condition (41) implies that

m=l ki=-oo m'=1 k'=-oo

*~,..,P ~ ,..mki i l _,

converges uniformly for all N and ON is a un-ifo ly bounded

sequence. Therefore

M a
Z Z a Im WN(k1,k 2 .. k)YN, m~l M7--1 k5 **k - -k2' ... .....

~- ' '" ml ml

ki-eki N Nin thema. 2.= Y- t

00 C

mlklj ... km=-W k19kj

unif o'mJy f or all N, as K$4,a --- P C.

Let

PK; C = lrn EI YNMa1

P-.aexists bpy Theorem 3 and



562(29)18 6o

M M
kmti k'...:

kl...i ki rL.... -

ft (4i) or (46), we have the p of (47) exists and is finite and

PM, a > p  as MaV - 00 (49)

It is easy- to Show that (48) implies, for fixed t,
i~etY N . , } ~itYN }r

Efeitp NMRa1 cc E~e (so)

unifo o'za.y for all N as M, - oo . By (49) and (50) we have,

for each e >0 and fixed t, an M( st) >0 and an a(s,t) > 0

such that -pm at2  t2

ee I < (51)

and

IEfe 'NMa - Ee tYN31  < (52)

whenever M > M(et) and a > a(a,t). By Theorem 3, for each

(eM.a.t), we have an N(e-,Mat) > 0 such that

JE itY- e, a t e -I < (53)
whenever N > N( ,Mct). _By (51) (52) and (53), we have, for

each t.
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iEyeN i~t2 -

+ I2(e NMa -

j4~a 2  4-pt 2,

whenever N > NeMat.Q

Acc 3 ao V1 e d Aere-t

The author is much indebted to Professor M. Rosenblatt

for suggesting this problem, for hisgiacetruhu h

work and for his comments on the final manuscript.
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